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Abstract

Principalcomponentanalysis(PCA) is widely usedin atmosphericsciencewhereit is
commonlyknown asempiricalorthogonalfunction(EOF)analysis.This articledescribesa
numberof methodswhichextendor modify PCAin threemainways,namelyto simplify and
henceimprove interpretation,to considermorethanonegroupof variables,or to consider
morethantwo ‘modes’. Becauseof lack of space,the techniquesarepresentedin outline
only, andnoexamplesaregiven.However, referencesareprovidedwherefurtherdetailsand
applicationsmaybefound.

1 PCA/EOF analysis

Principal componentanalysis(PCA) is possiblythe most widely usedof all multivariate
statisticaltechniques(Jolliffe, 2002),andit hasbeenavaluabletool in atmosphericsciences
sincethedevelopmentof electroniccomputersmadeits computationspossiblefor problems
of non-trivial size(PreisendorferandMobley, 1988).Thetechniquehasanumberof different
but equivalentdefinitions.Themostcommon,andprobablythesimplest,is asfollows.

Supposethatwehavemeasurementson � , avectorof � variableswith covariancematrix�
. The � th principalcomponentis definedasthelinearfunction �����
	��� �� ����� ���������� � ,

whose samplevariance 	��� � 	�� is maximized, subject to 	��� 	���� � and (for � � � )	 � � 	������ �� � � . It turnsout that! Thevectors	�"  	�# ������$ 	&% aretheeigenvectorsof
�

correspondingto thelargest,sec-
ondlargest,���'� , smallesteigenvaluesrespectively. In atmosphericsciencetheseeigen-
vectorsarecommonlyknown asempiricalorthogonalfunctions(EOFs).! The � th largesteigenvalueof

�
is equalto thesamplevarianceof the � th PC, �(� .

In atmosphericsciencethe most frequent,but by no meansonly, context for PCA is
wherethe � variablescorrespondto measurementsof ameteorologicalvariableat � different
spatial locations. In thesecircumstancesthe EOFsare often presentedas contourson a
map. In practice,it is commonto work with thecorrelation,ratherthancovariance,matrix,
correspondingto usingvariablesin � thatarestandardisedto eachhaveunit variance.
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ThebasicPCA/EOFtechniquehasbeenextendedor modifiedin many ways.In thethree
sectionsthatfollow we outlinesomemodificationswhich leadto simplification(Section2),
which dealwith relationshipsbetweentwo groupsof variables(Section3) andwhich look
at more than two ‘modes’ in a dataset(Section4). The final section(5) containsa few
concludingremarks.

2 Simplification

EOFsareoftendifficult to interpret(thoughprobablylesssoin atmosphericsciencethanin
many otherdisciplines).To aid in interpretation,variousapproachesto simplificationhave
beenproposed,includingthefollowing:

! Rotation- orthogonalor oblique! Restrictionof loadingsto adiscretesetof values! Combiningvariancemaximizationandsimplificationcriteria! LASSO-basedapproach! Truncationof loadings! Empiricalorthogonalteleconnections

2.1 Rotation

Recall that EOFsare the vectorsof loadingsor coefficients (we usethe two words syn-
onomouslyhere)definingthe linear combinationsof � that arethe PCs. For simpleinter-
pretationswe would like the loadingsall to be large or small with no intermediatevalues,
or to take only a small numberof distinct values. The ideaof usingrotationof the EOFs
to simplify their interpretionis well-known andwidely used,but controversial (Richman,
1986,1987;Jolliffe, 1987,1995;Mestas-Nũnez2000.) Among the questionsthat needto
beaddressedif rotationis usedarewhetherit shouldbeorthogonalor oblique,which of the
largenumberof simplicity criteriashouldbeused,how many EOFsto rotate,andthechoice
of normalizationconstraint.

2.2 Discretevaluesfor loadings

Rotationattemptsto simplify loadingsby makingthemeithersmallor large. An alternative
simplificationstrategy limits thenumberof availablevaluesfor the loadingsto a small set.
Theideadatesbackto Hausmann(1982)who allowedonly -1, 0, +1. ‘Simple’ components
definedby Vines(2000)– seealsoJolliffe etal. (2002)– allow moreintegers.Chipmanand
Gu (2001)find ordinaryEOFs,andthentruncateloadingsto -1, 0, +1 or to - )*"  � �+ ),# for
two chosenconstants)�"  )�# .
2.3 Combining variancemaximization and simplification

Jolliffe andUddin (2000)successively maximizea criterion which combinesvarianceand
simplicity in their SimplifiedComponentTechnique(SCoT).Kiers (1993)goesfurtherand
suggeststechniquesthat concentrateon maximizing simplicity, largely ignoring variance
maximization.



2.4 A LASSO-basedapproach

TheLASSO(LeastAbsoluteShrinkageandSelectionOperator)approachwasdevelopedin
multiple regressionanalysisasa meansof dealingwith multicollinearity(Tibshirani,1996).
It is acompromisebetweenvariableselectionandbiasedregression.It shrinkssomeregres-
sioncoefficientsexactly to zero.To achievethisanextraconstraintis addedto theusualleast
squaresregressionprocedure.Theconstraintplacesanupperboundon thesumof absolute
valuesof theregressioncoefficients.

Jolliffe and Uddin (2002) adapt the idea to PCA. Adding an extra constraint- % .0/ "2143 � . 1 �65 to the usualPCA optimizationproblem,where 3 � . is the 7 th coefficient
(loading)in the � th EOFand 5 is a tuningparameter, drivessomecoefficients 3 � . to zeroas5 decreases.

2.5 Truncation of Loadings

Settingto zeroall loadingswhoseabsolutevalueis lessthansomethresholdis a fairly com-
moninformalprocedure;ChipmanandGu(2001)andRichmanandGong(1999)givemore
formalproceduresfor doingso.Truncationshouldonly bedonewith greatcaution- Cadima
andJolliffe (1995,2001)demonstratethatthosevariableswith thesmallestloadingsarenot
necessarilytheleastimportantin representingacomponent.

2.6 Empirical Orthogonal Teleconnections

Thepatternsin empiricalorthogonalteleconnections(vandenDool et al., 2000)aredefined
by regressionsof themeasuredvariableateachspatiallocationonits valueatasinglechosen
location.Thetechniquechoosessuchlocationssuccessively, basedonhow well thelocation
canexplain (residual)variationat all otherlocations.A complicatingfactoris that ‘correla-
tions’ and‘regressions’arecalculatedon uncentreddata,makingtheresultsof theanalysis
moredifficult to interpretin statisticalterms.

3 Relationshipsbetweenvariables in two (or more)groups

Sometimeswe wish to relatetwo or moresetsof variables,for examplespatialfieldsof sea
surfacetemperatureandmeansealevel pressure.Again a varietyof techniquesis available,
including:

! CanonicalCorrelationAnalysis! MaximumCovarianceAnalysis! Redundancy Analysis! PrincipalPredictors! ReducedRankRegression! PCA of InstrumentalVariables

As weshallsee,thereareconnectionsbetweenseveralof thesetechniquesandothers.



3.1 CanonicalCorr elation Analysis (CCA)

This is theoldestof the techniquesjust listed. Like PCA it wasdevelopedby Hotelling in
the1930s- seeGittins (1985). Giventwo setsof variables8 0� of dimensions�9"  �:# , CCA
successively findspairsof linearcombinationsof thevariables;<	=��>" 8  	���?# �A@ with maximum
correlation,subjectto beinguncorrelatedwith previous pairs. It turnsout that we needto
solve theeigen-equation BDCFE,BHG "EIE BDE0C 	��?#J�LKM� BDCFC 	��N# 
where

BDCFE  BDEIC  BDCFC  BDEIE arecorrelationmatricesfor appropriatesetsof variables.
Thesolutionis invariantto changesin scalesof variables(unlikePCA)sothecorrespond-

ing equationwith correlationmatricesreplacedby covariancematricesleadsto anequivalent
solution.

3.2 Maximum CovarianceAnalysis

This techniquehasbeen‘rediscovered’many times. It datesbackto Tucker (1958),where
it was called inter-battery factor analysis. In atmosphericscienceit was popularisedby
Brethertonet al. (1992)assingularvaluedecomposition(SVD) analysis.This namearises
asthetechniquecanbederivedvia asingulardecompositionof the(�9"�OP�:# ) matrixof covari-
ancesbetween� and 8 . Many othermultivariatetechniquesalsoemergefrom singularvalue
decompositionsof (other)matrices,soto minimizeconfusionBrethertonetal.’sunfortunate
choiceof nomenclatureis bestavoided.

Thetechniquehasbeendevelopedfrom a numberof differentviewpoints,oneof which
leadsto thebettername,maximumcovarianceanalysis(von StorchandZwiers,1999,Sec-
tion 14.1.7;Cherry, 1997suggestscanonicalcovarianceanalysis.) This intepretationshows
that the procedureis similar in what it doesto canonicalcorrelationanalysisbut hastwo
differences:

! it successively maximizescovarianceratherthancorrelation! its vectorsof loadingsareorthogonal,ratherthanits derivedvariablesbeinguncorre-
lated

Theoptimizationproblemis solvedby finding theSVD of
� EIC

, or equivalentlyfrom an
eigenanalysisof

� �EIC � E0C � � CFE � E0C , where
� EIC  � CFE arematricesof covariancesbetween8

and � .

3.3 RedundancyAnalysis

In canonicalcorrelationand maximumcovarianceanalyses,the two setsof variablesare
treatedon anequalfooting. In redundancy analysis8 , � consistof responseandpredictor
variablesrespectively. We try to successively maximizetheproportionof variancein there-
sponsevariablesthatcanbeaccountedfor by orthogonallinearcombinationsof thepredictor
variables(vandenWollenberg, 1977).This leadsto theeigen-equationBQCFE>BQE0C 	��?#R��KM� BQCFC 	��?# �
To find 	��>" , therôlesof � and 8 in this equationarereversed.

Redundancy analysisis equivalentto PCAof instrumentalvariables(Rao,1964),andto
a versionof reduced-rank regression(Davies andTso,1982),aswell ashaving links with
multivariateregression.



3.4 Principal Predictors

Thacker (1999)proposesprincipal predictors. Thetechniqueis definedsimilarly to redun-
dancy analysis,exceptthat thederivedvariablesareuncorrelatedratherthanthevectorsof
loadingsbeingorthogonal.This leadsto solvingtheeigen-equation� CFE&SUTWV 3&X9Y � E0E�Z\[]G " � E0C 	��?#R��KM� � CFC 	��N# �
3.5 Two groupsof variables– other possibilities

Our brief descriptionsof techniquesabove areby no meansexhaustive. Otherpossibilities
include:

! MultivariateRegression(DaviesandTso,1982)! Regressionbasedon PCsin eachgroup(PreisendorferandMobley, 1988,Chapter9)! CCA basedonPCsin eachgroup(Muller, 1982)! CombinedPCA of all ��" + �:# variables(Brethertonetal., 1992)! Partial LeastSquares(FrankandFriedman,1993)! Softly ShrunkReducedRankRegression(Aldrin, 2000)! LatentVariableMultivariateRegression(Burnhamet al., 1999)! Extensionsto morethantwo groups- seeSection4.4

4 Extensionsto thr ee(or more)modes

A typicalatmosphericscienceapplicationhasthetwo ‘modes’of timeandspace.Theremay
bea third mode,correspondingto differentmeteorologicalvariablesmeasuredat eachtime-
spacelocation,or to differentlevelsof the atmosphere.We may evenhave all four modes
available.Therearea numberof extensionsof PCA thatdealwith three-modeor multi-way
data,which wenow describebriefly.

4.1 Thr eemodes- O-mode ^�^�^ T-modeanalysis

It is arguablewhetherthis idea is really an extension. If thereare3 modes(space,time,
meteorologicalvariables),we canchoose2 out of 3 to representthevariablesandobserva-
tions respectively in a PCA, andanalysethosetwo, fixing the third. This canbe donein
6 ways,andO-mode,P-mode,Q-mode,R-mode,S-mode,T-modecorrespondto these6
possibilities(Cattell,1978;Richman,1986). S-mode(locations= variables,times= obser-
vations)is mostcommonin atmosphericscience,but T-mode(times= variables,locations=
observations)andoccasionallyothersarealsosometimesused.



4.2 Thr eemodes- ExtendedEOF analysis

If thereare _ times, ` locations,and � variablesmeasuredat eachspace-timelocation,we
cancombinelocationsandvariablesto givea total of `?� variablesin a ( _aOa`N� ) datamatrix,
andperformPCA on that matrix. It is alsopossibleto combinetwo of the threemodesin
two otherways. A furtherextensionis to incorporatedataat differenttime lags,leadingto
MultivariateExtendedEOFanalysis(Moteetal., 2000).Thelatteralsoextendsmultichannel
singularspectrumanalysis(MSSA - PlautandVautard,1994).

4.3 Thr ee-modePCA

Supposethatourdataareof theform b:c . � , where
V  7  � index threemodesand

V �d� ���������$ _ ,7e�d� ��='�����9 � , �f�d� ��='�����$N5 . Thenthree-modePCAapproximatesthedataby

gb:c . �h� ij
� / "

kj l / "
mj
n / " 3 c �<o .qp ),� n X �

l
n 

wherethevaluesof r , s , ` areless,andif possibleverymuchless,than _ , � , 5 respectively,
andtheparameters3 c �  o .

l
t ),� n  X �

l
n  V �u� ��='�����9 _ v� �u� ��=����'�$ r  7��w� ��=����'�$ �  KA�� ��=����'�$ s  �x�w� F�=������9N5�zy �{� ��='�����$ ` arechosento give a goodfit of

gb:c . � to b:c . � for
all
V  7  � . Therearea numberof methodsfor solving this problemand,like ordinaryPCA,

they involve finding eigenvaluesandeigenvectorsof cross-productor covariancematrices,
in this caseby combiningtwo of the modesas in extendedEOF analysis,beforefinding
cross-products- seeKroonenberg (1983).

4.4 Extensionsto more than thr eemodes(groupsof variables)

Onetypeof multiway datacorrespondsto having differentgroupsof variables,which gets
us backto the topic of Section3. Both Casin(2000)andvan der Geer(1984)considera
numberof techniquesapplicableto threeor moregroups.

5 Concluding Remarks

In all thetechniquesdescribedabove,especiallythoseconcernedwith simplification,thereis
adesireto find physicalinterpretationsfor theresults.Thisis frequentlycontroversial– often
thereis a failure to recognisethat thecriteriaunderlyingthetechniquesarenot designedto
look for physicallymeaningfulresults.If the‘physicalmodes’arealreadyknown, theanal-
ysismayberedundant.Theconfusionthatexists is illustratedby theconflictingarguments
that ‘physicalmodes’arelikely to becorrelated(obliquerotation– Richman,1986),or that
they shouldbeindependent(independentcomponentanalysis– Aires et al. (2000)).

Onelarge classof EOF-relatedtechniquesnot coveredin this review arethosethatare
designedto exploreoscillatorybehaviour in spaceandtime, for exampleSSA(Golyandina
et al., 2001),MSSA/EEOFanalysis(PlautandVautard,1994),POPanalysis(von Storchet
al., 1988),Hilbert EOFs(CaiandBaines,2001),MTM-SVD (MannandPark,1999).
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Mestas-Nũnez,A. M. (2000). Orthogonalitypropertiesof rotatedempiricalmodes.Int. J.
Climatol., 20, 1509–1516.

Mote, P. W., Clark, H. L., Dunkerton,T. J., Harwood, R. S., andPumphrey, H. C. (2000).
Intraseasonalvariationsof watervaporin the tropical uppertroposphereandtropopause
region. J. Geophys.Res., 105, 17457–17470.

Muller, K. E. (1982).Understandingcanonicalcorrelationthroughthegenerallinearmodel
andprincipalcomponents.Amer. Statistician, 36, 342–354.

Plaut,G. andVautard,R. (1994). Spellsof low-frequency oscillationsandweatherregimes
in theNorthernHemisphere.J. Atmos.Sci., 51, 210–236.

Preisendorfer, R. W. andMobley, C. D. (1988).Principal ComponentAnalysisin Meteorol-
ogyandOceanography. Amsterdam:Elsevier.

Rao,C. R. (1964). The useand interpretationof principal componentanalysisin applied
research.SankhyaA, 26, 329–358.

Richman,M. B. (1986).Rotationof principalcomponents.J. Climatol., 6, 293–335.
Richman,M. B. (1987).Rotationof principalcomponents:areply. J. Climatol., 7, 511–520.
Richman,M. B. andGong,X. (1999).Relationshipsbetweenthedefinitionof thehyperplane

width to thefidelity of principalcomponentloadingpatterns.J. Climate, 12, 1557–1576.
Thacker, W. C. (1999).Principalpredictors.Int. J. Climatol., 19, 821–834.
Tibshirani,R. (1996).Regressionshrinkageandselectionvia thelasso.J. R.Statist.Soc.B,

58, 267–288.
Tucker, L. R. (1958). An inter-batterymethodof factoranalysis.Psychometrika, 23, 111–

136.
van de Geer, J. P. (1984). Linear relationsamongk setsof variables.Psychometrika, 49,

79–94.
vandenDool, H. M., Saha,S. andJohansson,̊A. (2000)Empiricalorthogonalteleconnec-

tions.J. Climate13, 1421-1435.
vandenWollenberg, A. L. (1977).Redundancy analysis.An alternativefor canonicalcorre-

lationanalysis.Psychometrika, 42, 207–219.
Vines,S.K. (2000).Simpleprincipalcomponents.Appl. Statist., 49, 441–451.
vonStorch,H., Bruns,T., Fischer-Bruns,I. andHasselmann,K. (1988).Principaloscillation

patternanalysisof the 30- to 60-dayoscillation in generalcirculationmodelequatorial
troposphere.J. Geophys.Res., 93, 11022–11036.

von Storch,H. andZweirs, F. W. (1999). StatisticalAnalysisin ClimateResearch. Cam-
bridge:CambridgeUniversityPress.


